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We develop a method of in tegra l  r e la t ions  fo r  p rob l ems  of t h e r m a l  explosion.  We find the condi-  
t ion fo r  ignition of a turbulent  r eac t ive  s t r e a m  in a pipe. 

The c r i t i ca l  va lues  o f  the p a r a m e t e r s  5 = 5.  (the c r i t i ca l  condition fo r  t h e r m a l  explosion) at  which the 
solution of the boundary-va lue  p r o b l e m  

~-" d(~n[ (~) dO/~) + ~ (o) = o; (1) 

= 0 dO/d~ = 0; ~ = 1 dO/d~ ----- - -  Bi0; (2) 

(0) = exp (0), (3) 

c ea se s  to ex i s t  have been de te rmined  ana ly t ica l ly  (for f(~) = 1) fo r  a number  of spec ia l  ca ses  [1, 2]. To find 
6.  in genera l  f o r m  one can use  n u m e r i c a l  methods  or  approx imate  e s t i m a t e s  [1, 3, 4]. 

Among  the approx ima te  methods  fo r  e s t ima t ing  6 , (n ,  B i ) w e m a y  note Khudaev 's  method [5], which yie lds  
a re l iab le  upper  bound. In us ing  this method,  we mus t  find the f i r s t  e igenvalue of the appropr ia t e  boundary-  
value p r o b l e m ,  which in the genera l  case  of an inhomogeneous med ium f(0 ~ I is not a lways  poss ib le .  If f(~) ~- 1, 
s e v e r e  diff icul t ies  a l so  a r i s e  in the use  of the va r ia t iona l  method [6]. 

The m o s t  acceptab le  method for  e s t ima t ing  5, in an inhomogeneous med ium is probably  the method of 
in tegra l  re la t ions  [7], which has  been used  p rev ious ly  [8] fo r  finding c r i t i ca l  conditions. The accu rac y  of this 
method is de t e rmined  to a grea t  extent  by a success fu l  choice of the total  prof i le  of t e m p e r a t u r e .  

In the p r e s e n t  study we p ropose  the deve lopment  of  a method of in tegra l  re la t ions  for  p rob l ems  in t h e r -  
m a l  explosion.  * F i r s t ,  we give a method fo r  choosing the t e m p e r a t u r e  t r i a l  prof i le .  Second, we consider  a 
p r o c e d u r e  fo r  obtaining in tegra l  r e la t ions  which is l ess  sens i t ive  to e r r o r s  in the choice of the t r i a l  function 
than those used  in [8]. 

To i l lus t ra te  and conf i rm the method,  we use  the example  of a c l a s s i ca l  p rob lem of t h e r m a l  explosion 
in a homogeneous  medium.  F o r  convenience in ca lcula t ions ,  ins tead of (3) we shall  h e r e a f t e r  use  the Gray  - 
H a r p e r  approx imat ion  [9]: 

qD (O) = exp (O) ~ 1 + Y0 + O~, (4) 
= e - -  2 ~ 0,72. 

1. De te rmina t ion  of the c r i t i ca l  conditions fo r  f(0 -- 1. As the t r i a l  p rof i le ,  we se lec t  the solution of 
the hea t -conduct ion  equation with a constant  sou rce :  

~-n d (~nd0/~) § ~ = 0 

with the boundary conditions (2). We wr i te  this  solution in the f o r m  

*In the a r t i c l e  we use  D. A. F r a n k - K a m e n e t s k i i ' s  d imens ion less  v a r i a b l e s :  n re f lec t s  the geomet ry  of the 
v e s s e l ,  the function f(0 r e f l ec t s  the va r i a t ion  of the t h e r m a l  diffusivity as  a function of the coord ina te ,  and 
~(0) r e f l ec t s  the va r ia t ion  of the r a t e  of the chemica l  reac t ion  as  a function of the d imens ion less  t e m p e r a t u r e  0 .  
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T A B L E  1. C o m p a r i s o n  of the E x a c t  Va lues  of the C r i t i c a l  
P a r a m e t e r s  of a T h e r m a l  Exp los ion  with the A p p r o x i m a t e  
Va lues  

6,, from Oo., ealc. 
n exact value 6, .. caleb(9) 0O..valueeZ:act from (1O) 

0 0,88 
1 2 
2 3,32 

[ 
0,865 1,2 ] t,17 
2,02 1,386 ] 1,36 
3,49 1,6 I 1,55 

o = oo (1 -- o~2), (5) 

w h e r e  

cr = Bii(Bi + 2). (6) 

In (5) 0 0 is the m a x i m u m  t e m p e r a t u r e  at the cen t e r  of the v e s s e l ,  which depends  on the in tens i ty  of the sou rce .  

We se t  up the n e c e s s a r y  in t eg ra l  re la t ion .  To do th i s ,  mak ing  use of the s y m m e t r y  condit ion (2), we 
w r i t e  the hea t  f lux at the point  y in the f o r m  

Y 

y"dO/dy = - -  6 j' qo (0) ~nd~. (7) 
0 

The f a c t o r  yn  t akes  accoun t  of the v a r i a t i o n  i'n the s u r f a c e  p e n e t r a t e d  by the f lux as  y v a r i e s .  Now we find the 
m e a n  in t eg ra l  va lue  of the hea t  f lux? in the i n t e rva l  f r o m  0 to 1 and,  mak ing  use  of the boundary  condit ion (2) 
and a l so  of  f o r m u l a s  (4}, (5), we f ind,  a f t e r  some  s imple  ca l cu l a t i ons ,  tha t  

~Oo/6 = (n + 1)-' + vl~Oo + s.O~, (8) 

w h e r e  

13~ = 0.5 (n + 1), 1- -  ~ (n + 2)/[2 (n .4- 3) ( n ,  4)], 

i -L -  f s. = 0.5 (n ~- I) -i - -  ~ (n + 2)/[(n +3)  (n , 4)1 ~- ~2 (n ,2) / [ (2  (n , 5 )  (n , 6 ) ] .  

The  c r i t i c a l  condi t ions  fo r  the ex i s t ence  of r e a l  so lu t ions  f o r  0 in (8) a r e  the fol lowing:$ 

~, = ~/(v[~. + ~ 1)), (9) 

0o, = 1/V2s. (n - 1). (lO) 

It  should be noted that  f r o m  (7) we can obtain  o the r  r e l a t ions  fo r  6 .  and 0 0* (analogous to those  given in [8]) 
if we se t  y = 1 in f o r m u l a  (7). The r e s u l t s . o b t a i n e d  a r e  l e s s  a c c u r a t e  and m o r e  sens i t ive  to the choice  of the 
a p p r o x i m a t e  t e m p e r a t u r e  prof i le .  

We shal l  i l l u s t r a t e  the a c c u r a c y  of the r e s u l t s  obta ined in the m o s t  unfavorab le  case  Bi ~ % ~ -~ 1 
(as Bi d e c r e a s e s ,  the a c c u r a c y  of  the ca lcu la t ion  i n c r e a s e s  rapidly) .  The r e s u l t s  f o r  a = 1, c o m p a r e d  with 
the exac t  r e s u l t s  of  [1], a r e  shown in Tab le  1. The e r r o r  in the d e t e r m i n a t i o n  of 6.  does  not  exceed  5%. 

2. C r i t i c a l  condi t ions  f o r  f(~) ~ 1. 
ing f o r m  of the t r i a l  p ro f i l e :  

w h e r e  

* (~) = 

The solut ion of p r o b l e m  (1), 

0 = Oo [1 -- ~,, (f)l, 

.[ (x/[ (x)) dx. a, = Bi/(1 + Bi ~ (1)). 
0 

(2), with ~0(0) = cons t ,  y ie lds  the fo l low-  

(ii) 

t T h i s  method  f o r  a v e r a g i n g  the hea t  f lux is not the only one poss ib le .  
$ Th i s  d e t e r m i n a t i o n  of  the c r i t i c a l  condi t ions  is equ iva len t  to us ing  the condi t ion of  s t r o n g  p a r a m e t r i c  d e -  
pendence  d6/dO 0 = 0. 
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TABLE 2. Cr i t ica l  Values of 5. fo r  Different  Values of A and Bi 

B i l l 0  . B i = 1 0 0  I B i = 1 0 0 O  . 

A ccardin-g ]calculated acc-aMing ~alculated aec~dm-g ~a-lc-ulated 
Ito (12) (1)-(3) to (12) (1)-(3) to (12) 1(1)-(3) 

5,37 5,25 11,22 10,95 15,85 14.45 
5,62 5,89 14,12 13,49 22,39 20,41 

20 
50 
80 

Af te r  pe r f o r ming  some s imple calculat ions accord ing  to the above scheme,  we obtain (setting n = 1) 

6, = a t l ( 3 ~ t  -l- V'2-~2), (12) 

where  

00, = l I V e ,  (13) 

lent reg ime through a long tube. 
t he rma l  diffusivity nonuniform. 
[101: 

1 y 

0 0 

1 y 

r  J" dg J" ~[1--~,~(~)]2d~. 
0 0 

As an example ,  le t  us cons ider  the cr i t ica l  conditions fo r  ignition when a react ive  gas flows in a tu rbu-  
The p resence  of a turbulent  component of heat  t r a n s f e r  makes  the effect ive 

The s imples t  function f(~) can be obtained by using Nikuradze ' s  exper iments  

f(~) = 1 +A~(I - -~) ,  

where  A = 0.026Re 7/8. 

The var ia t ion  of 5.(A) when Bi takes on dif ferent  values is shown in Table  2. Formula  (12) accura te ly  
re f lec t s  the quali tat ive p rope r ty  of at tenuation of the function 5.(A) as A i n c r ea se s ,  since as the turbulent  
t r a n s f e r  becomes more  intensive,  the effect ive t empera tu re  res i s t ance  of the react ion zone dec reases ,  and 
the heat  t r a n s f e r  is l imited essent ia l ly  by the t h e rm a l  res i s t ance  of the wall. 

The re  is good quali tat ive and quanti tat ive ag reement  with the calculations of the initial problem (1)-(3) 
on  compute r s ,  c a r r i ed  out in [11], At tempts  to use functions other  than (1) as the t r ia l  functions (e. g. ,  the 
parabola  (5), for  r easons  of s implici ty)  lead not only to a loss of accuracy  but also to an inco r rec t  qualitative 
pic ture  f o r  large  values of A. 

Calculat ion of 0.  f r o m  (13), taking account of (14), indicates that 0.(A) depends weakly on A (which is also 
conf i rmed by computer  calculat ions p e r f o r m e d  in [11]). This  just i f ies  the use of the G r a y - H a r p e r  approxima-  
tion [9] and enables  us to d i s r ega rd  in the ignition problem the effect  of t empera tu re  pulsations on the hea t -  
generat ion function (unlike the combustion r eg imes  of [12]). 

Thus ,  the method of integral  re la t ions  can prove to be an effect ive method for  finding the cr i t ica l  p a r a m -  
e t e r s  of a t he rma l  explosion in a sys tem when the var iabi l i ty  of the t empera tu re  f ield is essent ia l .  The l imi ta -  
t ions of the method lie la rge ly  in the possibi l i ty  of r ep resen t ing  the solution of the the rmal  problem for  a con-  
stant source  in a s imple form.  A conspicuous shor tcoming of the method is that it is not c lear  whether  the 
es t imates  obtained lie above or  below the exact  values.  

1 1  

2. 
3. 

4. 
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OCCURRENCE OF FREE CONVECTION IN A PLANE 

LAYER IN THE PRESENCE OF A CHEMICAL 

TRANSPORT REACTION 

L. V. Sotnichenko and E. A. Shtessel' UDC 536.25 

We cons ide r  the conditions for  the o c c u r r e n c e  of na tura l  convect ion when a volat i le  compound 
is t r anspo r t ed  through a gaseous  phase  as  a resu l t  of a chemica l  reac t ion  with a solid sub- 
s tance ,  We de t e rmine  the va r i a t ion  of the c r i t i ca l  Rayle igh number  for  the p r inc ipa l  level  of 
instabi l i ty  as a function of the p a r a m e t e r s  of the p r o c e s s .  

In an infinite plane hor izonta l  gaseous l ayer  with solid boundar ies  we a r e  given t h e r m a l  boundary condi-  
tions of the f i r s t  kind. On both of the boundaries  there  takes  place a he te rogeneous  r e v e r s i b l e  exo the rmic  
reac t ion  of the type ~AA + ~S S ~ VBB ; A is  the init ial  gas; S, solid m a t e r i a l  of the wall ;  B, gaseous reac t ion  
product ;  VA, vS, VB, s to ich iomet r i c  coeff ic ients .  The mix tu re  of gases  in the l ayer  may  be considered 
b ina ry ,  s ince the reac t ion  takes  place in a he te rogeneous  manner  and the vapor  p r e s s u r e  of the solid m a -  
t e r i a l  is negligibly smal l .  F o r  T1 > T2 (Fig. 1), s ince the reac t ion  is exo the rmic ,  the t he rmodynamic  
equi l ibr ium is shifted in such a way that  the ra te  of  the d i rec t  reac t ion ,  and consequently the gas flow ra te  
A, on sur face  I will be l ess  than on sur face  H. F o r  the reac t ion  product  B the si tuat ion is r e v e r s e d .  The 
d i f ference  in concent ra t ions  gives r i s e  to flows of the components  caused by diffusion and convection. If 
the solid m a t e r i a l  of the su r face  takes  pa r t  in the reac t ion ,  there  will be m a s s  Stefan flow in the sys tem.  
In s ta t ionary  condit ions,  the p r e s ence  of Stefan flow is analogous to blowing into the s y s t e m  at a constant  
velocity.  Fo r  the given condit ions,  there  may  be t h e r m a l  and concentra t ion nonunfformit ies  in density in 
the mix tu re  of gases .  We wr i te  the concentra t ion of the light component  as PA/P = c, and the density of the 

P 
mix tu re  as p -  R---T [~A-k (~tA--~)C], Lt~, ,U;~ being the mo lecu l a r  m a s s e s  of the components .  Following [1], we 

shall  a s s u m e  that  the density of the mix tu re  admi t s  of a l inear  expansion with r e s p e c t  to the ave rage  values  of 
T and c, i . e . ,  p=p0(1--[~T'--~2c '  ), where  T '  and c' a re  the deviat ions f r o m  the ave rage  va lues ;  

; ~'~C !p, T ' 

We wri te  the equations of f r ee  convect ion of the mix tu r e ,  cons ider ing  it i ncompres s ib l e  [11 . I t  should 
be noted that  v = v c + v 0 is the total  hydrodynamic  veloci ty;  Vc is the convect ive veloci ty;  v0 is the Stefan ve loc-  
ity co r respond ing  to the ave r age  densi ty  P0- 

D i s r ega rd ing  t h e r m a l  diffusion and diffusive heat  conduction in the heat  and m a s s  flows and a s su min g  
that  the nonuniformity  in densi ty  is e s sen t i a l  only in the e x p r e s s i o n  for  the lift ing fo rce  (the Bouss inesq  ap -  
p rox imat ion) ,  we obtain a s y s t e m  of equations,  

Inst i tute of Chemica l  P h y s i c s ,  Moscow. T r a n s l a t e d  f r o m  Inzhene rno-F iz i ches ld i  Zhurnal ,  Vol. 38, 
N o . l ,  pp. 99-106, J a n u a r y ,  1980. Original  a r t i c l e  submit ted  F e b r u a r y  12, 1979. 

0022-0841/80/3801- 0069507.50 �9 1980 Plenum Publishing Corpora t ion  ~9 


